1. Introduction. In this paper we derive several relations among values of the generalized Riemann Zeta function f(s, a). We show that there is a "fundamental domain" for the variables s and a so that values outside this domain can be obtained from those inside by algebraic operations, using values of the Gamma and trigonometric functions.
We give a table of values of the Zeta function which were calculated using these relations to supplement the formulas commonly used for such calculations. Table 1 gives f(s, a) to seventeen decimal places for a = £ and f and for s = -tt(I)^"-
The ordinary Riemann Zeta function is also given to seventeen decimal places for s = O(^)^-in Table 2 . These tables are useful in diffraction theory [10] , [11] .
2. Relations among Zeta Functions. Consider the defining relation n=o (n + a) ' which holds for Re(s) > 1 and all values of a except zero or negative integers. (One usually assumes s complex but a real.) We first note that f (s, a + 1) = E ,","_, TN.
»=o (n + a + 1J* (2) = ± 1 -I n^o (n + a)' a' = f (s, a) -a~\ By analytic continuation, this relation holds for all s. Thus if f (s, a) is known for all s, but only for values of a satisfying aü < a ^ Oo+ 1 for some a0, then we can calculate f(s, a) for any value of a by algebraic operations. One usually specifies ao = 0, so that the "fundamental interval" is 0 < a g 1. We now show that this fundamental interval in a need only be of length §. In the defining relation (1), let a = (\/q) -b where q is an integer. Then
By analytic continuation, this result holds for all s. This relation was obtained by Powell [7] for the special case s = 5. Equation (3) yields many interesting and useful results. For example, let b = J -c. Then, for q = 2, we obtain (4) «•»«) =2*f(s,2c) -.*<»,«+ 4).
For c = 5 this yields the well known result
where f(s) is the ordinary Riemann Zeta function defined by f(s, 1) = f(s). Now assume that f(s, a) is known for all s and for all a in the interval \ < a g 1. Then equation (4) shows that, if ai is such that 0 < ai á 2, then f (s, Oi) can be expressed in terms of values assumed known. We merely apply relation (4) repeatedly as needed. An inductive proof can be easily obtained but will not be given here. As an example of the use of equation (4), consider the case a¡ = 5. From equation (4),
The argument \ is not in the desired interval, so we use (4) to obtain (7) r(«,i) =2t(s, h) -r(t,i).
Again, we do not know f(s, 5), so we use (4) to obtain
Combining (6), (7) and (8), we have f(s, |) = 22s(2s -l)f(s) -2sf(s, |) -Us, I).
All the functions in the right member are assumed known, hence f (s, 5) is obtained by algebraic operations.
For special values of a, the more general relation (3) may be used more fruitfully than the special form (4).
We now see that 5 < a ^ 1 is a fundamental interval for f (s, a). We next show that for rational values of a, we can obtain f (s, o) for Re(s) < § from values for Replacing rbyq -r and simplifying, ao, f« _"/,,-
By analytic continuation, this result holds for all s. Thus, if f(s, a) is known for Re(s) à è and all rational a, we can compute f(s, a) for all s and all rational a, 0 < a í£ 1, from equation (10). Conversely, if we know f(s, a) for all rational a, 0 < a ^ 1, and for Re(s) á 5, we can compute f (s, a) from equation ( 10) Let us now consider some special cases of equation (10). For p = 1 and q = 2, we again obtain equation (5). For p = q = 1, we obtain the Riemann relation
For the general case p = ç, we obtain, by using relation (11), (12) Ens, r/q) = (qs -l)f(s) r-1 which also follows from equation (3). If we also write equation (12) with g replaced by 1 -s, then the resulting equation can be combined with equations (11) and ( 12) to yield
That is, the members of this equation are invariant under replacement of s by 1 -s. Hence we may regard equation (13) as a generalization of the Riemann relation (11), which is often written as r (rrty *'^)l2^ -*) =r ( §) *"""*• <•>• Next substitute q -4 and p = 1 and 3 in equation ( 10). In this case, we obtain, using equations (5) and (11) 
Subtracting this equation, using the lower sign from the equation using the upper sign, we obtain
Now the Dirichlet L-function is defined to be
Hence equation (15) (14), and using the fact that Bm(l -a) = ( -l)mBm(a), we obtain o6m+l 2m+l
From these equations, we find that
Many other interesting results can be obtained by looking at special cases of equation (10).
The method used to derive equations (3) and (10) can also be applied to the more general function f (s, a,z) = ¿2 "=o (n + a)" discussed by Mitchell [8] , Lerch [9] and others.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use 3. Calculation of the Table. In the discussion above we showed, by using equation (10), that we could find f(s, a) for the Re(s) ^ J and rational a, 0 < a ;£ 1, provided we know Us, a) for Re(s) > | and rational a, 0 < a g Table. The table shown below was calculated using a precision of seventy binary digits, which is approximately equivalent to twenty-one decimal digits.
Comments Regarding the Calculation of the
It was impossible to enter most of the values of s exactly in the computer, since 1/3 does not have a finite binary representation.
Therefore, we should consider the errors introduced in our table from using a truncated binary representation. We were able to show, by using a truncated Taylor series, that the errors so introduced did not affect the accuracy of the table. The various calculations involved in showing the insignificance of these errors were not included in this paper, since they were quite straightforward.
6. The Table of Values. The tabular data have been listed to seventeen significant decimal digits. The decimal point is located immediately to the left of the left-most digit of each entry, while the two-digit integer at the right denotes the exponent of the power of ten by which the entry is to be multiplied. Table 2 
